Entanglement and quantum interference are key ingredients in a variety of quantum information processing tasks. Harnessing the generation and characterization of entanglement in high-dimensional state spaces is a necessary prerequisite towards practical quantum protocols. Here, we use quantum interference on a beam splitter to engineer hyperentanglement in polarization and discrete frequency degrees of freedom (DOF). We show how independent measurements of polarization and frequency DOF allow for both the verification and, strictly stronger requirement, also the certification of high-dimensional entanglement in the combined state space. These results may indicate new paths towards practical exploitation of entanglement stored in multiple degrees of freedom, in particular in the context of high-dimensional quantum information processing protocols. * Fabian.Steinlechner@iof.fraunhofer.de † Rupert.Ursin@oeaw.ac.at
Introduction. Quantum entanglement of photons is a crucial resource for quantum information applications such as quantum key distribution and quantum teleportation, as well as for studying fundamental physics in Bell experiments [1] [2] [3] [4] . Several degrees of freedom (DOF) of photons can be utilized to encode quantum entanglement, including polarization, spatial path, orbital angular momentum, time-bin and frequency [5] [6] [7] [8] . Some of these properties can exist independently of each other, which enables the entanglement of more than one property simultaneously, known as hyperentanglement [9, 10] . Photon pairs entangled in multiple properties can carry more quantum information, making them compelling for high-capacity quantum communications. Encoding information in multiple degrees of freedom may also facilitate the implementation of certain quantum communication primitives: For instance, complete Bell state measurements can be performed deterministically for superdense coding or larger quantum states can be transmitted in quantum teleportation, thus increasing the capacity of classical and quantum channels [2, 11, 12] . Moreover, hyperentanglement can enhance the fidelity of mixed entangled states in entanglement purification and increase the state space for multi-photon entanglement and quantum computing [13] [14] [15] [16] .
High-dimensional quantum information processing has highlighted the need of verifying, certifying and quantifying the high dimensionality of hyperentanglement. The full determination of quantifying the amount of entanglement in high dimensional quantum states is a daunting challenge, since the requirement of measuring a complete set of observables in a global state space is exponentially complex. Hence, it is of great significance to design wieldy and practical strategies to certify the amount of entanglement and its dimensionality, in particular without any assumptions on the hyperentangled state.
The objective of this work is twofold: First, we demonstrate how multi-photon interference on a beam splitter may itself be harnessed as a tool to engineer hyperentangled states. In our recent work [17] , we utilized time-reversed Hong-Ou-Mandel (HOM) interference to generate polarization entanglement in two spatial modes without the usual requirement for distinguishability in an auxiliary degree of freedom. Here, we extend this approach to the generation of hyperentanglement in polarization and discrete frequency modes. Secondly, after characterizing the polarization and frequency interference for this state, we show how independent measurements performed on each of these degrees of freedom suffice to not only verify high-dimensional entanglement in the full state space, but also to certify high-dimensional entanglement under minimum assumptions on the structure of the density matrix.
We believe that these results, demonstrating a path towards generating unconventional quantum states via Hong-Ou-Mandel interference, as well as a practical way of extending results obtained for single degrees of freedom to the combined state space may prove valuable tools towards practical high-dimensional quantum information processing.
Generation of hyperentanglement by Hong-Ou-Mandel interference. Entanglement can be engineered in a variety of physical systems [18] [19] [20] , with spontaneous parametric downconversion (SPDC) in nonlinear materials representing one of the most efficient ways reported to date. In the SPDC process, pump photons spontaneously decay into signal and idler photons, with conservation of momentum and energy resulting in entanglement of spatio-temporal properties. The generation, manipulation and detection of polarization-entangled photons have already been extensively investigated and widely applied [21] [22] [23] [24] [25] . Although wavelength-division multiplexing has a profound impact on both classical and quantum communication [25] [26] [27] , there is comparatively little published work on frequency entanglement for quantum information processing. This is mainly due to the fact that quantum states in the frequency domain are hard to manipulate and detect. The manipulation is even trickier if the frequency-entangled photon pair can not be separated into two spatial modes. A discrete frequency-entangled Bell state can be represented as
where ω 1 2 ⟩ are wellseperated single photon frequency bins. First approaches for generating this state relied on the projection of continuous frequency spectrum onto well-defined frequency bins prior to detection [28, 29] . A great number of schemes are proposed to create discrete frequency entanglement by using nonlinear waveguides [30, 31] , in-fiber Sagnac loops [32] and entanglement-transfer from the polarization domain [7] . All of these schemes mainly focus on the generation of entanglement in the frequency domain, whereas simultaneous entanglement in other degrees of freedom would enable various hyperentanglement-assisted quantum information processing protocols.
Here, we present a polarization and discrete frequency hyperentanglement source by time-reversed HOM interference.
The key part of our source (see Fig. 1 ) consists of two periodically poled potassium titanyl phosphate (ppKTP) crystals designed for type-II quasi-phase matching. They are arranged in sequence and oriented with a relative inclination of 90 ○ along their common propagation axis. These crossed crystals are placed at the center of a polarization Sagnac interferometer, which is bi-directionally pumped with a continuous wave laser. In the clockwise direction of the Sagnac interferometer (see Fig. 1(a) ), the pump laser can either create a photon pair in the first crystal A ω 1 ⟩ D ω 2 ⟩ or in the second crystal D ω 1 ⟩ A ω 2 ⟩. Since both events occur with equal probability, the resultant quantum state reads
where (A)D denotes (anti-)diagonal polarization, ω 1 and ω 2 are two well-separated frequency bins and φ is the relative phase factor. By setting φ = π, the state can be rewritten in the H/V polarization basis as
The polarizing beam splitter then sorts the orthogonal polarization states into two distinct spatial modes a and b:
Analogously, for the counter-clockwise direction of the Sagnac loop (see Fig. 1 (b)), one obtains bi-photons in state
Superimposing the two states ψ⟩ CCW and ψ⟩ CW results in a maximally polarization-frequency hyperentangled state
where ϕ p is the phase of the pump polarization state, which is set outside of the Sagnac loop.
Since only pairs of photons anti-correlated in their polarization are routed into two separate output ports, the unwanted polarization-correlated contributions can be eliminated by post-selecting on coincidences between two distinct spatial modes. Thus, the PBS in the Sagnac interferometer actually acts as purification to improve the fidelity of the polarizationentangled state.
Experimental characterization of the hyperentangled state. Akin to our previous experimental setup in [17] , the hyperentanglement source is implemented by pumping a pair of crossed 10-mm-long ppKTP crystals with a gratingstabilized laser emitting continuous-wave at wavelength of 405 nm. The pump beam is set to be linearly polarized at 45 ○ with respect to the reference frame of the PBS, making the SPDC process to occur with equal probability in clockwise and counter-clockwise directions. To achieve the desired diagonal and anti-diagonal polarizations, we design a V-groove oven such that two nonlinear crystals oriented along the oven are phase-matched with diagonally or anti-diagonally polarized photons, respectively. By superimposing down-converted photons emitted from both propagation directions on a PBS, they are sorted into distinct spatial modes deterministically (see supplementary materials). Our source produces hyperentangled photon pairs at a rate of 4.4 kcps per mW of pump power with a symmetric heralding efficiency of 17%. Without any bandpass filtering this corresponds to a spectral brightness of 8.3 kcps/nm per mW of pump power.
We verify the quantum correlations of the produced state successively in the polarization and frequency subspaces. For the polarization DOF we certify entanglement in an assumption-free manner while for the frequency DOF we present two methods with different levels of assumptions about the state. In the next section, we combine these results to prove the generation of high-dimensional entanglement.
In order to verify the entanglement in the polarization domain, we measure two-photon correlations in two mutually unbiased bases, yielding interference visibilities of V H V = 99.3 ± 0.3% in the H/V basis and V A D = 96.4 ± 0.5% in the A/D basis (see Fig. 2 ). These visibilities imply lower bounds of F p ≥ 0.979 and C p ≥ 0.958 on the Bell-state fidelity and concurrence, respectively.
The verification of entanglement in the discrete frequency subspace is more elaborate due to the difficulty of a mutually unbiased measurement in the frequency domain. In order to separate the polarization from the frequency domain, polarizers are placed before the frequency analysis as depicted in Fig. 1(d) . The existence of two separated frequency bins in each spatial mode is verified by a single-photon spectrometer (see Fig. 3(a) ), which shows a good overlap of the spectra in both spatial modes. While a non-local measurement of the coherence of frequency-entangled states is difficult without a time-resolved measurement [33] , it can be quantified utilizing spatial beating in HOM interference [34] . This non-classical beating can be observed by scanning the time-of-arrival of one of the photons incident on the 50:50 beam splitter, which constitutes a HOM interferometer. The corresponding interference fringes can be observed in the two-fold coincidences between the two output ports of the beam splitter (see Fig. 3(b) ). As a consequence of the anti-symmetry of the state ψ − ω ⟩, we can observe photon-antibunching at zero path delay. Discrete frequency-entanglement manifests itself in sinusoidal oscillations of the interference fringes within a Gaussian envelope as a function of relative time delay τ. This can be modelled with a coincidence probability of [7, 35, 36] 
where τ c is the single photon coherence time that equals the base-to-base envelope width, and µ = ω 2 − ω 1 is the detuning of two well separated frequency bins. The magnitude of the oscillations is parametrized with the visibility V ω , while ϕ ω is a phase-offset. A fit of our measurement data to (6) reveals the parameters of the restricted density matrix ρ ω , which reads
Outside of the inner 2x2 submatrix, the density matrix elements are set to zero, because of energy conservation in the process of SPDC with a narrow-band pump laser. The balance parameter p ω and the visibility V ω satisfy the physical constraints 0 ≤ p ω ≤ 1 and 0 ≤ V ω 2 ≤ p ω (1 − p ω ). Based on our measurement results, we estimate a coherence time of τ c ≈ 3.8 ps, which is inversely related to a single-photon frequency bandwidth of ∆ f FWHM ≈ 0.24 Thz or a wavelength bandwidth of ∆λ FWHM ≈ 0.53 nm. The frequency detuning µ ≈ 1.75 THz is much larger than ∆ f FWHM , which again confirms the separation of the two frequency bins. The resulting visibility is V ω ≈ 94.3%, while the relative phase is estimated to be ϕ ω ≈ 179.6 ○ , which is close to π. The balance parameter is calculated from the single-photon spectra of Fig. 3(a) , resulting in p ω ≈ 0.52. Thus we are able to estimate the restricted density matrix ρ ω as depicted in Fig.  3 (c) and 3(d) . The fidelity to the Bell-state Ψ − ω ⟩ follows from
In order to demonstrate the versatility of our source in the frequency domain, we changed the detuning of the frequeny bins µ by increasing the temperature of the nonlinear crystal, while monitoring the fidelity to the polarization Bell state Ψ + p ⟩. For instance, we observed a fidelity of ∼ 0.965 in the scenario of µ = 7.35 THz by setting temperature at 50 ○ C, and a fidelity of ∼ 0.958 in the scenario of µ = 14.12 THz by setting temperature at 85 ○ C. Moreover, the measured photon pair rates are almost constant irrespective of the frequency detuning.
The preceding verification of entanglement in the frequency subspace is only valid under certain assumptions on the creation process of the photon pairs. In turn, these assumptions restrict the density matrix to a certain form. However, this level of trust in the source to emit a certain entangled state is not appropriate in a cryptographic setting. Therefore, we also derive a lower bound on the fidelity in the discrete frequency subspace that does not rely on any assumptions on the source.
This lower bound can be straight-forwardly derived. Let V ω ∶= 2 ⟨ω 1 ω 2 ρ ω 2 ω 1 ⟩ be the measured visibility in the frequency computational basis. It can be upper bounded according to
where the Cauchy-Schwarz inequality ⟨mn ρ nm⟩ ≤ ⟨mn ρ mn⟩⟨nm ρ nm⟩ is used in the first step and the in-
, where a and b are non-negative real numbers, in the second step. Now, the fidelity F ω of ρ with the maximally entangled state
Applying the above inequality one gets
This implies a lower bound on the fidelity in the discrete frequency subspace of F ω ≥ 0.855 without assumptions on the state.
The measured high fidelities of the reduced two-qubit states in both the polarization and frequency subspaces, with respect to a maximally entangled two-qubit state, indicate the presence of bipartite entanglement in both subspaces and its absence on the global state across the frequency-polarization partition -suggesting the presence of hyper-entanglement. In the following, we show that this is indeed the case by certifying high-dimensional entanglement.
Certification of high-dimensional entanglement. Having estimated the value of both the polarization and frequency subspace fidelities, we can now infer entanglement properties of the two-ququart global state enconded jointly in the polarization and frequency DOF. In order to do so, we formulate an optimization problem. Namely, we search for a global state of two ququarts whose reduced two-qubit states satisfy the properties we have experimentally measured, i.e., have values for the fidelity w.r.t. a maximally entangled two-qubit state that are equal to the ones that were measured. Among all possible two-ququart states that have subspace fidelities compatible with the measured ones, we must choose the one with lowest fidelity w.r.t a maximally entangled two-ququart state, in order not to overestimate the entanglement of the global state. Consequently, the fidelity of the optimization state will constitute a lower bound for the fidelity of the experimental state.
This problem can be efficiently solved via semidefinite programming (SDP), a class of convex optimisation problems. Let ρ p A ω A p B ω B be the global 4x4-dimensional state composed of two polarization qubits and two frequency qubits, shared by parties A and B, which are the recipients of photons in spatial mode a and b, respectively. Let F p be the fidelity of the reduced polarization state,
with respect to a 2x2-dimensional maximally entangled state and F ω be the fidelity of the reduced frequency state,
, also with respect to a 2x2-dimensional maximally entangled state. Then, a lower bound for the fidelity F pω of the global state ρ p A ω A p B ω B with respect to a 4x4-dimensional maximally entangled state is given by:
where
ii⟩. We solve this problem for a polarization subspace fidelity of F p = 0.979, once using the frequency subspace fidelity obtained assuming energy conservation of F ω = 0.971, and once for the frequency subspace fidelity obtained without assumptions on the source of F ω = 0.855. The solution yields the lower bounds of F pω ≥ 0.950 and F pω ≥ 0.834, for each method respectively.
From the fidelity of the global state it is possible to estimate the dimensionality of its entanglement. Entanglement dimensionality is a quantifier that represents the minimum number of levels one needs to faithfully represent the state and its correlations in any global product basis. A lower bound for the entanglement dimensionality d ent of a dxd-dimensional state that has a fidelity F w.r.t the maximally entangled state is given by
where ⌈⌉ is the ceiling function. We refer to Ref. [37] or [38] for a detailed proof. Using the above relation, from the fidelity lower bound of F pω ≥ 0.950 obtained from the first method we certify d ent = 4. Similarly, from the fidelity lower bound of F pω ≥ 0.834 we also certify d ent = 4, an even stronger result since it is achieved without any assumptions about the structure or properties of the density matrix. This concludes the proof that high-dimensional entanglement has indeed been produced in our setup via hyper-entanglement.
Discussion. Hong-Ou-Mandel interference is a versatile tool in the quantum engineering toolbox. Here we make dual use of this phenomenon; both to generate a polarization discrete-frequency hyperentangled state without the usual requirement for detection post-selection and to analyse highdimensional entanglement stored in two independent degrees of freedom.
The certification of high-dimensional entanglement further verifies the quality of the produced hyperentangled state. More importantly, assumption-free certification of highdimensional entanglement paves the way towards quantum cryptography in high dimensions.
The versatility of our approach enables its extension to other platforms, such as optical waveguides or integrated photonics. We hope that our work inspires experiments which harness time-reversed HOM interference to engineer hyperentangled states in other photonic degrees of freedom, such as orbital angular momentum, thereby setting the stage for quantum information processing in evermore complex quantum systems. The experimental setup of our polarization and discrete frequency hyperentanglement source is depicted in Fig. 4 . We generate the two-photon states in the form of Eq. (1) by pumping a pair of crossed ppKTP crystals with a grating-stabilized laser diode emitting continuous wave at a wavelength of 405 nm (Toptica DL Pro). Through a PBS and a zero-order HWP with its optical axis oriented at 22.5 ○ , the pump beam is set to be linearly polarized at 45 ○ with respect to the reference frame of the PBS, making the spontaneous parametric down conversion (SPDC) process to occur with equal probability in clockwise and counter-clockwise directions. To achieve the desired diagonal and anti-diagonal polarizations, we designed a V-groove oven such that two crossed crystals are oriented along the oven as shown in the inset of Fig. 4 . The nonlinear crystals are placed flat inside the oven, which means they are phase-matched for SPDC with diagonally or anti-diagonally polarized photons, respectively. The crossed crystals scheme utilizes two mutually orthogonally oriented 10-mm-long ppKTP crystals. They are manufactured for type-II collinear phase matching with pump (p), signal (s) and idler (i) photons at approximately center wavelengths of λ p ≈ 405 nm and λ s,i ≈ 810 nm at a crystal temperature of 33 ○ C. A dual-wavelength HWP is added to compensate the phase difference caused by different group velocities of pump beam and down-converted photons in ppKTP crystals. By superimposing down-converted photons emitted from both propagation directions on a PBS, they are sorted into distinct spatial modes deterministically. Then, the down converted signal and idler photons are separated from the pump beam by using a dichroic mirror. Two long-pass filters are used to eliminate the remaining pump and background photons. In order to erase spatial "which − crystal ′′ information, the down converted photons are coupled into single mode fiber.
For analyzing the polarization correlation of the hyperentangled state, we measure two-photon interference in two mutually unbiased bases assisted by polarizers prior to detection. For analyzing the frequency correlation of hyperentanglement, we observe the spatial beating of nonoverlapping optical frequencies by scanning the arriving time of two photons at a balanced beam splitter, which constitutes a Hong-Ou-Mandel interferometer. Then the down converted photons are detected by silicon avalanche photondiodes, and two-fold coincidence events are identified with a time window of ∼ 3 ns. The measurement results enable us to characterize polarization and frequency entanglement in independent subspaces. Here, we simply demonstrate the process for HOM interference of two dimensional frequency entanglement. The basic schematic is depicted in Fig. 5 . The two-photon state from a SPDC process can be described as:
The operation of a balanced beam splitter can be expressed as:
As we introduce a tunable time delay τ 1 , it generates phase shift ex p(−iω i τ 1 ) to the idler photon with respect to the signal photon. Thus, after the operation of 50:50 beam splitter, we get two-photon state as:
where subscript 1/2 represent two output modes of the beam splitter. For the post-selected coincidence counts by two detectors, only the last two terms of Eq. (A3) are non-vanishing. So it can be simplified to:
As two photons after beam splitter are indistinguishable, we substitute ω s and ω i with ω 1 and ω 2 . By multiplying e −iω i τ 1 to cancel the global phase, we obtain:
The detection operators of two detectors in different output modes are:
Thus we can calculateÊ (+) 2Ê
(+) 1 ψ⟩ as:
where we add ω ′ to distinguish between the symbols for photon and detection frequency distinguish the symbols from detection or photons, albeit ω ′ = ω. Finally the coincidence probability P(τ 1 ) as a function of time delay can be expressed as:
If f (ω 1 , ω 2 ) is an even function, we have f (ω 1 , ω 2 ) = f (ω 2 , ω 1 ), such that P(τ 1 ) exhibits a dip at position of τ 1 = 0. On the other hand, if f (ω 1 , ω 2 ) is an odd function, we have f (ω 1 , ω 2 ) = − f (ω 2 , ω 1 ) such that P(τ 1 ) exhibits a peak at the position of τ 1 = 0. FIG. 6. Verification of hyperentangled state after HOM interference. By setting relative path delay at zero, we observe (a) singles and (b) coincidences in opposite spatial modes, (c) singles and (d) coincidence in identical spatial modes and (e) characterization of polarization entanglement at highest interference peak position. By setting relative path delay at 0.08 mm, we observe (f) singles and (g) coincidences in opposite spatial modes, (h) singles and (i) coincidence in identical spatial modes and (j) characterization of polarization entanglement at lowest interference dip position.
VERIFICATION OF HYPERENTANGLEMENT AFTER HONG-OU-MANDEL INTERFERENCE
In order to verify the quality of hyperentanglement after HOM interference for more practical quantum information applications, we build one monochrometer, consisting of two plane-convex lens and one reflective grating, to analyze the frequency correlation. Through experimental verification, this monochrometer reaches high resolutions up to 0.2 nm when rotating the grating by 0.01 ○ for each step. We first set the relative path delay at zero such that the interference fringe is at highest peak position. As shown in Fig. 6(a-d) , we could observe two-fold coincidences of frequency bins in the opposite and identical spatial modes (assisted by in-fiber beam splitter). Almost all frequency coincidences are measured in opposite spatial modes. Figures 6(f-i) demonstrate the two-photon coincidence envents in the scenario of setting the relative path delay at 0.08 mm such that the interference fringe is at lowest dip position. Now most of the coincidence events exist in identical spatial modes. Additionally, we observed polarization entanglement visibilities of 87% in H/V basis and 82% in A/D basis at maximum position (see Fig.  6 (e)) and visibilities of 88% in H/V basis and 78% in A/D basis at dip position (see Fig. 6 (j)) by measuring interference contrast. We attribute the decrease of polarization visibility to imperfect input hyperentanglement states, imperfect mode matching and residual misalignment at the PBS, finite PBS extinction ratio and accidental coincidences caused by interference.
